Abstract. We first study the behavior of weights on a simply connected nilpotent Lie group G. Then for a subalgebra A of L 1 (G) containing the Schwartz algebra S(G) as a dense subspace, we characterize all closed two-sided ideals of A whose hull reduces to one point which is a character.
Introduction. Let G be a simply connected nilpotent Lie group, g its Lie algebra, and A a subalgebra of L 1 (G). To every character χ l of A we will associate a finite-dimensional translation invariant subspace P l of the vector space P(G) of complex polynomials on G and we will show that the set of closed two-sided ideals of A with hull {Ker χ l } is in bijection with the set of nonzero translation-invariant subspaces of P l . As an example of A we can take the weighted algebra L 1 w (G) where w is a weight with polynomial growth. Such weights appear in a natural way in the following manner: let π be a unitary continuous irreducible representation of G in a Hilbert space H π . We denote by U(g) the enveloping algebra of g. Fix a nonzero integer k and denote by U(g) k the vector space generated by the elements of U(g) with degree less than k. Let H (k) π be the space of k times differentiable vectors in H π , i.e. 2000 Mathematics Subject Classification: Primary 43A20. [205] where HS denotes the Hilbert-Schmidt norm. Denote by w (k) (x) the right side of this inequality. The function x → w (k) (x) is a natural example of a weight on G attached to π. By a weight on a topological group G, we mean a measurable function w on G with values in [1, +∞[ 
such that for all s and t in G, w(st) ≤ w(s)w(t).
The preceding result leads naturally to the study of weights on nilpotent Lie groups. The first section will give another example of a natural weight. Other examples of weights come from Banach space representations of topological groups. Let X be a Banach space and let (T, X) be a Banach space representation of G on X. That means that for every s in G, we have a bounded invertible operator T (s) on X such that the mapping s → T (s) is a homomorphism of groups and the mappings s → T (s)x are continuous for every x in X. Then the operator norm T (s) op is a measurable function on G and defines a symmetric weight w T : s → max ( T (s) op , T (s After an easy computation, we find w (2) (x) = (9 + 7a ).
Weights on topological (in particular nilpotent Lie) groups.
Weights allow us to define Banach subalgebras of L 1 (G), the so-called Beurling algebras. This section studies the growth of the "most natural" weight attached to a connected locally compact group. This weight is of importance because it dominates all common weights. We end this section with a restriction property of this weight.
Definition. Let G be a topological group and S a subset of G. We write S When G is locally compact, for s in G, we denote by V G (s) the set of compact neighborhoods of s in G.
In the following proposition we recall the "most natural" weight attached to a connected locally compact group as in [9] .
Proposition. Let G be a connected locally compact group and U an element of V G (e). Then G = n∈N U n and the map τ
is measurable and satisfies
It seems difficult to define canonically the notion of a "polynomial function" on any group G. In the absence of such a notion, the following definition tries to define in a natural way a function "of polynomial growth" on a class of groups as large as possible.
1.2.
Definition. Let G be a connected locally compact group. A function f : G → C is said to be of polynomial growth if for all U in V G (e), there exists a polynomial P U in one variable, with real coefficients, such that for all s in G,
. For example for a connected compact group G, the functions with polynomial growth on G are bounded functions. More generally, it is easy to check that under the conditions of 1.2, a function with polynomial growth is bounded on all compact subsets. Since for any two elements U and V of V G (e), there exist strictly positive numbers k and k such that
then such a relation is true for all compact neighborhoods of e in G, i.e. f is of polynomial growth.
). It is clear that the set of weights on G is stable under pointwise multiplication, involution w →w, finite simple limit, finite upper hull, and left composition by functions of the form exp •f • ln, where f is an increasing and subadditive function R + → R + . Such functions are studied in [8] .
1.3.
Example. For a connected locally compact group G and U in V G (e), the map 1 + τ U , denoted by w U , is clearly a weight on G, satisfying in addition w U (st) ≤ w U (s) + w U (t). This weight will be studied in detail in the following when G will be assumed to be a nilpotent Lie group. By [6] , we have:
Proposition. Let G be a connected Lie group with Lie algebra g.

A norm
on the vector space g being fixed , for all U in V G (e), there exists a strictly positive number c U such that for all X in g,
Until the end of this section, G denotes a simply connected nilpotent Lie group with Lie algebra g. Starting with g 0 = g, we define g m for m in N * as the real vector space generated by the set of [X, Y ] where X runs through g and Y runs through g m−1 . The step of nilpotency of g is denoted by n; this means that g n reduces to {0} and g n−1 is nonzero. Hence, an element X of g belongs to g i if and only if X is a linear combination of terms requiring at least i brackets in all. For all i in {1, . . . , n}, choose a complementary
For all k in {0, . . . , n}, let G k be exp g k . Then G k is the closure in G of the subgroup generated by the elements xyx
where x runs through G and y runs through G k−1 . The exponential map exp is a C ∞ diffeomorphism of g onto G, which allows us to identify G with the real vector space g as manifolds. If g is endowed with the Baker-Campbell-Hausdorff product
+ (commutators of order 3 at least) then exp is an isomorphism of topological groups from g onto G, which allows us to identify the groups G and (g, ·). For this group law, −X is the inverse of X. Finally, for X and Y in g, we set
By [21] , we have:
In the following proposition, the bracket of two elements X and Y will be written as product in the group g of a i X and b i Y where a i and b i are real numbers. We give a bound for the number of factors in the product, which improves a result of [21] . 
2) There exists an integer p, depending only on n and 2p real numbers
In addition m and p are less than 2 n (2 n − 5) + 2n + 2.
Proof. 1) If n = 2, then for all X and Y in g, we have
Assume the result is true for a nilpotent Lie algebra of step n − 1 ≥ 2 and let g be a nilpotent Lie algebra of step n. Since g/g n−1 is nilpotent of step n − 1, for all X 1 and X 2 in g, we have by the induction hypothesis
where u(X 1 , X 2 ) belongs to g n−1 , hence to the center of g. There exist real numbers c i 1 ...i n , where
By Lemma 1.5, we have
and then
where c 1...1 and c 2...2 are zero. Denoting by m n the number of factors sufficient to write X 1 + X 2 as a product when g is nilpotent of step n, we have shown that m 2 = 3; we can check that
and consequently
2) Let us prove the second assertion. If n = 2, then for all X and Y in g, we have
The proof of the rest of the assertion is similar and we find that
where p n indicates the number of factors sufficient to write [X 1 , X 2 ] as a product when g is nilpotent of step n.
1.7.
Corollary. Let g be a nilpotent Lie algebra of step n greater than 2. Let X 1 , . . . , X p be elements of g of the form
Then there exists an integer q, depending only on p and n, such that
Proof. It suffices to apply the previous proposition as many times as necessary.
We recall that G denotes a simply connected nilpotent Lie group with Lie algebra g. In the rest of this section fix a euclidean norm on g, and denote by U the unit ball B of g.
1.8.
Corollary. There exists a real number c 1 such that for all j in {1, . . . , n − 1}, and X in g j ,
Proof. Let j be in {1, . . . , n − 1} and fix a basis (X 1 , . . . , X p ) of g j . Each X i can be chosen such that
for certain vectors X k i . Let X be in g j . We can write
where |c i | < 1, and then
By Corollary 1.7, it follows that
for a certain integer q and some real numbers c i m r m , depending only on j, n, p. Let s be the number of factors in the above product. Put
where E indicates the integer part function, from which, by definition of
1.9.
Proposition. There exists a real number c 2 such that for all X in g and all j in {1, . . . , n} we have
where X j indicates the component of X belonging to V j .
Proof. 1) Let ε be a strictly positive number. Let us show by induction on m that there exists a real number and W ∈ εB. By the induction hypothesis,
. By the Baker-Campbell-Hausdorff formula, we have
Since each W i k appears at least once in each bracket, it follows that for ε small enough
and hence, by (3),
and N is the number of terms in the preceding sum. We then deduce, by (1) and (2), that
. We now choose our new a ε as c ε .
2) Let X be in U , ε be a strictly positive number and M ε the integer such that
, and by 1), 
Proof. Fix j in {1, . . . , n}. By the Baker-Campbell-Hausdorff formula,
and N is the number of terms in the previous sum. Finally,
The second relation follows similarly.
By 1.2 all the weights w U are equivalent on a connected group G. Hence we fix a compact neighborhood U of e in G and we write w G instead of w U . We can then summarize the previous results in the following theorem: 
where X i indicates the component of X belonging to V i .
Proof. Proposition 1.9 shows the existence of c. Let now X be in g.
and by Corollary 1.8,
It now follows from Proposition 1.10 that
Notation. For all k in {1, . . . , n}, the set U ∩ G k denoted by V k is a symmetric compact neighborhood of e in G k , and the weight w V k on G k defined in 1.3 will be denoted by w G k .
1.12.
Theorem. There exists a strictly positive number c such that for all k in {1, . . . , n}, we have
Proof. We easily show by induction on i that for all i in N,
Denote by p k the step of nilpotency of g k and let Y be an element of
where, as at the beginning of this section, (g k ) i−1 is the direct sum of (g k ) i and (V k ) i for all i in {1, . . . , p k }. As noticed in 1.3, we have (1), and so by Corollary 1.8,
where (2) and (3) result from Propositions 1.10 and 1.9 respectively. Proof. Assume that π| N is a (continuous) nonunitary character of N . Denote by n the Lie algebra of N . Let U be in V G (e). First, for all s in G distinct from e we have
where
By hypothesis, there exist two real linear forms α and β on n, with α = 0, such that
Fix X in n such that α, X = 1. Then for all t in R, from (1) we have
and by Proposition 1.4,
This last inequality is false for t large enough.
Spectral synthesis for nilpotent Lie groups.
Let G be a connected Lie group, g its Lie algebra, and g * the dual vector space of g. The set of equivalence classes of irreducible continuous unitary representations of G is denoted by G. When G is abelian, by Schur's lemma, G is in bijection with the group of continuous characters of G into the multiplicative group U of complex numbers of norm 1. When G is not abelian, G is not known in general. In 1962, A. Kirillov managed to determine G when G is nilpotent and simply connected [11] : the unitary dual G of G is described by the orbits of the elements of g * under the coadjoint action of G; this action is defined by the relation
From now on, G denotes a simply connected real nilpotent Lie group with Lie algebra g. For l in g * , there exists a polarization m at l, i.e. a subalgebra m of g which is maximal isotropic for the skew-symmetric bilinear form
Denote by M the connected subgroup exp m of G associated to m. The map
is a character of M . We write
is a bijective mapping, called Kirillov's bijection, where
The set G is also in bijection with Prim(G), the space of primitive ideals of the C * -algebra of G by [6] , and by [3] in bijection with
We equip these two sets with the Jacobson topology: for a subset S of L 1 (G), we define its hull by
and for a subset C of Prim * L 1 (G) or Prim(G), we define its kernel by
The Jacobson topology is in general not Hausdorff, but always accessible, i.e. each point is closed, which means that every element in Prim * L 1 (G), respectively in Prim(G), is maximal. This follows from the fact that the coadjoint orbits of nilpotent Lie groups are closed [18] . , and w is a weight of polynomial growth on R n . J. Ludwig shows that J ({Ker π}) then contains in general an infinity of elements, and consequently {Ker π} is not of synthesis in these cases. If G is nilpotent of step 4, the computations become much more difficult and no general result is known. We have however the following theorem due to J. Ludwig [13] , which gives the existence of a smallest element in J (C): 
(G). Then there exists a single closed two-sided ideal
This theorem applies in particular when G is a simply connected nilpotent Lie group [6] . For example, if G is abelian, then j(C) is the closure in L 1 (G) of the ideal of L 1 (G) of functions for which the support of the Fourier transform is compact and disjoint from C [19] .
Notice that for a closed subset C of Prim * L
(G), each element of J (C) is contained in k(C).
Hence there exists a "minimal" ideal and a "maximal" ideal with hull C. The subset C is then of synthesis if and only if these two ideals are equal.
Let π be an element of G. In order to determine J ({Ker π}) when the step of G is larger than 3, it is natural to begin with the determination of j({Ker π}), since the latter is contained in each element of J ({Ker π}). The result obtained by J. Ludwig when G is of step 3 forces us to look for this ideal not in L 1 (G) but in a weighted L 1 -algebra on R n . By Kirillov's bijection, π is associated to the orbit O(l) of a certain linear form l on g, and the easiest case is when the orbit O(l) is a single point. The rest of this paper is devoted to the determination of j({Ker π}) in this case. This will be done in a quite general class of algebras which contain weighted algebras, and for nilpotent Lie groups of any step. The principal result of this paper is based in fact on a general property of C ∞ (G)-modules of finite dimension, where G is solvable. This property is dealt with in [2] . Conventions. Unless otherwise stated, a function will always be complex-valued. For any group, e will indicate the identity element. For a normed algebra A the relation I A means that I is a closed two-sided ideal of A.
Polynomials and group algebras.
In the following, λ will indicate a Haar measure on a simply connected nilpotent Lie group G and dλ(x) will be denoted by dx.
3.1.
Notation. Let G be a locally compact group, λ a left Haar measure on G, and w a weight on G. We denote by L 1 w (G) the subalgebra of L 1 (G) of measurable functions f such that G |f |w dλ is finite, and we define a norm
We thus obtain the Beurling algebra L 1 w (G). The algebra of polynomials on G is denoted by P(G). For X in g and for a C ∞ function f on G, we let X * f be the left derivative of f in direction X, and f * X the right derivative of f in direction X:
, denoted by α, and a C ∞ function f on G, we write
We denote by S(G) the Schwartz space of C ∞ functions f on G such that for all positive integers N ,
is finite, where w is the weight w U defined in 1.3. One can check that the definition of S(G) is independent of the choice of the basis of g and of U . We have (see [17] )
We denote by D(G) the subspace of S(G) of functions with compact support. The space S(G) equipped with the convolution multiplication and with the family of seminorms (p N ) N ∈N is then a Fréchet algebra and
3.2.
The determination of the "minimal ideal" in Section 5 will be given for a quite general class of algebras. Indeed, in this paper we consider a Banach subalgebra (A, ) of L For l in g * such that l is zero on g 1 , we denote by P l the vector space of polynomials P , with complex coefficients, such that the continuous linear form P χ l on S(G) mapping f to G f P χ l dλ extends to a continuous linear form on A, meaning that there exists a positive number c such that for all f in S(G), we have
Let G be a group and s be an element of G. For a function f : G → C, we denote by L s f or s f the left translate of f by s, mapping t to f (s −1 t), and by R s f or f s the right translate of f by s, mapping t to f (ts).
Let P be in P l and f, g be elements of A. Then P χ l defines a continuous linear form on A by definition, and consequently P χ l , g * f exists. For g in A, we writeǧ * (P χ l ) for the continuous linear form on A defined by
In the same way, P χ l * ǧ denotes the continuous linear form on A defined by P χ l * ǧ, f = P χ l , f * g .
Theorem. The vector space P l is finite-dimensional.
Proof. 1) Let f be in S(G), Q a polynomial and χ q a unitary character of G. After an easy computation, for all x in G we have
where P is another polynomial.
2) Let Q be in P l and g in S(G). By 1), g * (Qχ l ) = Q g χ l where Q g is a polynomial, and for all f in S(G),
where N is an integer depending on Q and l. Hence g * (Qχ l ) is in the dual space of L 1 w N (G), and so
Denote by P N the vector space of polynomials P such that P/w N ∞ is finite. Since the weight w N has a polynomial growth, the space P N is finitedimensional and we have shown that for all Q in P l and all g in S(G),
3) Let Q be in P l . Since the weak star topology on P N with respect to L 1 w N (G) coincides with the norm topology, and since for any approximate identity (g n ) in S(G), (g n * Qχ l ) converges in the weak star topology to Qχ l , it follows that (g n * Qχ l ) inside P N converges to Qχ l in the operator norm, and so Qχ l ∈ P N . Hence P l ⊂ P N .
3.5.
Notation. Until the end of this paper, W indicates a nonzero subspace of P l which is invariant under left and right translations, and W χ l is denoted by W l . We also write
We then have the following proposition.
Proposition. The vector space W is invariant under translations and under convolution by elements of S(G). So I(W ) is a closed two-sided ideal of A.
Hull
Definition. (k(C) ). We denote by J (C) the set of closed two-sided ideals of A with hull C:
In the present case, the set {Ker χ l } is closed in Prim(A), and as stipulated in Section 2, the set J ({Ker χ l }) will be denoted J (l) by abuse of notation.
Proposition. With the above hypothesis on A, we have
Proof. 1) Let π be a unitary topologically irreducible representation of G; denote also by π the corresponding representation of L
Since π(S(G)) contains many operators of finite rank, H 0 is an A-invariant nontrivial subspace of H and the restriction of π to H 0 defines a simple module of A (see [6] ). Hence Ker(π| A ) is a primitive ideal:
Let us prove the other inclusion. If (T, V ) is a simple A-module on a Banach space V then (T | S(G) , V ) is a topologically irreducible S(G)-module.
Hence by [16] there exists a π ∈ G such that
By [15] we know that Ker(π| S(G) ) is dense in Ker(π| A ). Hence Ker T contains Ker(π| A ).
2) Let us prove that Ker(π| A ) is a maximal two-sided ideal of A. Let M be a closed two-sided ideal of A containing Ker(π| A ). Suppose that M = Ker(π| A ). Then there exists g in M such that g / ∈ Ker(π| A ). By [15] , the two-sided ideal R = {f ∈ S(G) | π(f ) of finite rank} is dense in S(G) and then in A. Hence R * g * R is not contained in Ker(π| A ) and so M contains an element h such that π(h) = P λ is the orthogonal projector onto a C ∞ vector λ of H π . Let f in S(G) be such that π(f ) = P µ is also a one-dimensional orthogonal projector with λ, µ = 0. Then
and consequently f ∈ M . Since R is generated as an ideal by those elements f , this shows that M contains the ideal R and finally M = A since M is closed. This proves that Ker T = Ker(π| A ). The aim of this section is to determine the hull of I(W ) where W is defined in 3.5. Since W is finite-dimensional, we have the following proposition.
Proposition. The space W is invariant under derivations: for all
X in g and all P in W , X * P and P * X belong to W .
By [5] , we have:
There exists a function deg on the complex vector space of polynomials on G such that for all X in g and all polynomials P , we have
Hence for all X in g, there exists a natural k such that for all P in W , X k * P is zero.
Proposition. The hull h(I(W )) of I(W
Proof. For X in g and P in W , π(X)(P χ l ) = X * (P χ l ) = (X * P )χ l + i l, X (P χ l ) defines a representation π of the Lie algebra g in W l . By Lie's theorem (see [7] ), there exists a nonzero element P in W such that for all X in g, π(X)(P χ l ) = λ(X)(P χ l ) where λ is a linear form on g. Since deg (X * P ) < deg P , we have λ(X) = i l, X and so (X * P )χ l = 0. Hence X * P = 0 and the polynomial P is constant. Consequently, χ l ∈ W l and hence I(W ) ⊂ Ker χ l and Ker χ l ⊂ h(I(W )).
Let P be a polynomial in the variables
We have the well known result:
where f indicates the Fourier transform of f .
Theorem. The hull h(I(W
)) of I(W ) is {Ker χ l }.
Proof. By Proposition 4.4, Ker χ l ∈ h(I(W )).
Let π be a topologically irreducible * -representation of L 1 (G) in a Hilbert space whose kernel in A contains I(W ). By Theorem 3.4, I(W ) is of finite codimension in A, hence π is finite-dimensional and defines an irreducible continuous unitary representation π of the nilpotent group G. By Lie's theorem (see [7] ), π is a character. Then π is a character χ l where l is a real linear form on g which is zero on [g, g] by 3.3. If l is different from l, there exists f in S(g) such that f (−l ) = 1 and f is zero on a neighborhood of −l. Then f does not belong to Ker χ l and belongs to I(W ) by Lemma 4.5. Since this contradicts the hypothesis, l is equal to l. Proof. The proof given in [13] adapts to the general case.
Taking in the previous theorem W = P l , we have j(Ker χ l ) ⊂ I(P l ). The following theorem will show the other inclusion. 
Lemma. Let F be a finite-dimensional
Proof. Let us show that the elements of
F are C ∞ functions on G. Let (µ 1 , . . . , µ n ) be a basis of F . Then D(G) * µ 1 + . . . + D(G) * µ n is dense in the finite-dimensional vector space F , hence is equal to F . Every µ in F defines a tempered distribution on G. Let g be in D(G). For all f in S(G), g * µ, f = µ,ǧ * f = ¡ G ϕ(x) (1 − ∆) N (ǧ * f )(x) dx
Theorem. The smallest closed two-sided ideal of A with hull
Proof. 1) It has already been noticed that j(l) is contained in I(P l ). By [15] , there exists a natural integer N such that j(l) = (Ker χ l ) N .
Let us show by induction on n that if T is a continuous linear form on A which is zero on (Ker χ l ) n then T is of the form P χ l where P belongs to P l . The result is true if n = 1: the polynomial P is a nonzero constant. 
This shows that the complex vector spaceǍ * T , which is contained in A , is of finite dimension by Theorem 3.4.
3) Let φ be an element of A. By 2) and Lemma 5.2,φ * T is of the form
where the P j are polynomials and the χ q j are unitary characters of G which we assume to be all distinct. Let us show that p = 1 and
where P belongs to P l . On the other hand, the computation 1) in the proof of Theorem 3.4 shows that
where the Q j are polynomials which we can assume to be all nonzero. Finally
In the module of linear combinations (whose coefficients are polynomials) of unitary characters of G, each finite family of distinct unitary characters of G is free. Consequently, p = 1, q 1 = l andφ * T = Qχ l where Q is a polynomial.
Since φ ∈ A and T ∈ A ,φ * T is continuous on A and Q belongs to P l . Let us show that T itself is in P l χ l .
4) The space P l being finite-dimensional, let f 1 , . . . , f M be Schwartz functions on G such that
The sequence (φ n * f − f ) n∈N converges to 0 in S(G), hence in A, and T being continuous on A, ( φ n * T − T, f ) n∈N tends to 0 by (1). We have
This tends to 0 because (φ n − φ n * f i ) n∈N tends to 0 in S(G), hence also in A. This shows that the sequence (φ n * T ) n∈N is Cauchy for the norm l , hence converges to an element P χ l where P belongs to P l , the space P l χ l being finite-dimensional. Let f be in S(G). For all Q in P l write
Then
f is a norm on P l χ l equivalent to l , since P l χ l is finite-dimensional. Hence the sequence (φ n * T ) n∈N converges to P χ l for f and the inequality
Since S(G) is dense in A, this proves that T = P χ l and so T is zero on I(P l ). For all T in j(l)
• , we know that T is zero on (Ker χ l ) N and by the preceding T belongs to P l χ l and so to I(P l )
• . Since T, (Ker χ l ) m = 0 we see that T is zero on I(P l ). The Hahn-Banach theorem shows finally that I(P l ) is contained in j(l).
Notation. Let J be a closed two-sided ideal of A. We associate to it the vector subspace V (J) of P l defined by
We show that the mapping J → V (J) gives characterization of the closed two-sided ideals of A with hull {Ker χ l }.
Proposition. Let J be a closed two-sided ideal of
Proof. The vector space generated by S(G) * V (J) * S(G) is dense in the finite-dimensional vector space V (J), hence is equal to V (J). The result then follows from the formula x (f * P * g) y = x f * P * g y valid for all f and g in S(G), P in V (J), and x, y in G.
Notation. Denote by T P l the set of nonzero subspaces of P l which are invariant under left and right translations. For a topological vector space E and a subset X of E, we denote by X The algebra A N with the norm is a Banach algebra and satisfies the conditions given in 3.2. Consequently, Theorem 5.3 applies in this case. In particular, for N equal to zero, the weighted algebra L 1 w (G) defined in 3.1 is an example of an algebra A satisfying the conditions of 3.2. The rest of this section states the principal results of the paper in this particular case.
Notation. Let G be a locally compact group and w a weight on G. We denote by L ∞ w (G) the vector space of (classes of) functions f essentially bounded by w, i.e. such that f /w ∞ is finite, and we define a norm on L 
is an isometric isomorphism of Banach spaces.
In the following, the spaces L Notation. Let w be a weight on G. We denote by P w (G) the vector space of polynomials which are essentially bounded by w: (G), and P w (G) contains only constants; then j(l) = {Ker χ l }, which shows that {Ker χ l } is of synthesis. We find again in this case a result of [10] .
2) If in a direction X 0 , w(exp(tX 0 )) grows at least as |t|, then P w (G) contains a nonconstant polynomial, hence j(l) is strictly contained in {Ker χ l } and therefore {Ker χ l } is not of synthesis. So, for a nonconstant weight w, the one-point set {Ker χ l } is not of synthesis in L 1 w (G) in general.
